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CRITERIA FOR NILPOTENCY OF GROUPS VIA PARTITIONS
L. J. TAGHVASANI AND M. ZARRIN
Abstract. Let G be a group and T < G. A set Π = {H1, H2, . . . ,Hn} of
proper subgroups of G is said to be a strict T -partition of G, if G = ∪n
i=1
Hi
and Hi ∩ Hj = T for every 1 ≤ i, j ≤ n. If Π is a strict T -partition of G
and the orders of all components of Π are equal, then we say that G has an
ET -partition. Here we show that: A finite group G is nilpotent if and only if
every subgroup H of G has an ES-partition, for some S ≤ H.
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1. Introduction
Let G be a finite group and S < G. A cover for a group G is a collection of
subgroups of G whose union is G. We use the term n-cover for a cover with n
members. A cover Π = {H1, H2, . . . , Hn} is said to be a strict S -partition of G if
Hi ∩Hj = S for i 6= j and Π is said an equal strict S -partition (or ES-partition )
of G, if Π is a strict S-partition and |Hi| = |Hj | for all i 6= j. If S is the identity
subgroup and G has a strict S-partition (equal strict S -partition), then we say that
G has a partition (equally partition, resp.).
In 1906 Miller pioneered the study of finite groups with a partition. Subsequently
in 1961, Baer, Kegel and Suzuki completed the classification of partitions of finite
groups, as follows.
Theorem 1.1. [2, 5, 6] Let G be a finite group. Then G admits a nontrivial
partition if and only if G is isomorphic with one of the following groups.
: G is a p-group with Hp(G) 6= G and |G| > p, where Hp(G) is the Hughes
subgroup of G. That is the subgroup generated by all the elements of G
whose order is not p;
: G is a Frobenius group;
: G is a group of Hughes-Thompson type, that is a non p-group with Hp(G) 6=
G for some prime p;
: G is isomorphic with PGL(2, ph), p is an odd prime;
: G is isomorphic with PSL(2, ph), p is a prime;
: G is isomorphic with a Suzuki group G(q), q = 2h, h > 1.
In 1966 [3], Isaacs proved that the only finite groups which can be partitioned
by subgroups of equal orders (or, only finite groups which has an equally partition)
are the finit p-groups of exponent p (we will mention this result in throughout the
paper as Isaacs’ Theorem). Zappa in [8], reduced the problem of determining the
strict S-partitions to the analogous problem for partitions. In fact, he investigated
finite groups with a strict S-partition, where S is an antinormal subgroup of G. We
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say that a subgroup T is antinormal in G, when no normal subgroup 1 6= N of G
is contained in T .
Here we give a new characterization of finite non-cyclic nilpotent groups by ES-
partitions.
Theorem 1.2. For any finite non-cyclic group G, the following statements are
equivalent.
• G is a nilpotent group;
• G has an ES-partition such that S EG and S ≤ Zi(G), for some i ∈ N;
• Every subgroup H of G has an ES-partition, for some S ≤ H.
Let Y be a class of groups. A group G is a minimal non-Y-group (or a Y-critical
group), if G 6∈ Y but all proper subgroups of G belong to Y. It is clear that
detailed knowledge of the structure of minimal non-Y-groups can provide insight
into what makes a group belong to Y. For instance, minimal non-nilpotent groups
(called Schmidt groups) were analyzed by Schmidt [4], and proved that such groups
are solvable (see also [9]). We say that a group G is a minimal non-ES-partition
group if G has no ES-partition but every proper subgroup H of G has an ET -
partition, for some T ≤ H . As a Corollary of the above Theorem we obtain the
new characterization for Schmidt groups. In fact we prove that (see Corollary 2.9,
below):
A group G is a minimal non-ES-partition group if and only if
G is a minimal non-nilpotent group.
Finally, in view of the above result, the following question arises naturally: As-
sume that F is a nontrivial subgroup of G such that G has no an EF -partition
but every proper subgroup of G has an EF -partition. What we can say about
the structure of such groups? We show that these groups are minimal non-cyclic
groups (except Zp × Q8 and Z3 ⋉ Q8, where Q8 is the quaternion group, Zp is a
cyclic group of prime order p and Z3 ⋉ Q8 is semidirect product Q8 by Z3). The
classification of minimal non-cyclic groups, is known (see [7]). More precisely the
following holds.
Theorem 1.3. Assume that G is a group and F is a nontrivial subgroup of G.
Then every proper non-cyclic subgroup of G has an EF -partition if and only if G
is isomorphic to one of the following groups:
• Zp × Zp with p prime;
• Q8, the quaternion group of order 8;
• Zp ×Q8 and Z3 ⋉Q8;
• < a, b | ap = bq
m
= 1; b−1ab = ar >, with p, q distinct primes and r 6≡
1(mod p) and rq ≡ 1(mod p).
2. Proofs
Zappa proved the following two theorems. In order to prove the main results we
need the following theorems.
Theorem 2.1. ([8]) Let G be a group and S a subgroup of G. Let N be a normal
subgroup of G such that N ≤ S. Then the set {H1, H2, . . . , Hr} is a strict S-
partition of G if and only if {H1/N,H2/N, . . . , Hr/N} is a strict S/N -partition of
G/N .
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Theorem 2.2. ([8]) Let G be a group, S an antinormal subgroup of G, and
H1, H2, . . . ,Hr be a set of subgroups of G with S ≤ Hi for every 1 ≤ i ≤ r. Then
the following conditions are equivalent:
• H1, H2, . . . , Hr is a non trivial strict S-partition of G.
• G is a Frobenius group and S a cyclic Frobenius complement of G. The
Frobenius kernel K is a p-group, Hi = SKi, where {K1, . . . ,Kr} is a non
trivial partition of K.
Lemma 2.3. Assume that G is a group which has an ES-partition. Then
G is nilpotent if and only if ∃ i ∈ N such that S ≤ Zi(G) and S EG.
Proof. Let Π = {H1, . . . , Hn} be an ES-partition for G, S ≤ Zi(G) for some
i ∈ N and S E G. Then the set {H1/S, . . . , Hn/S} is an equally partition for
G/S. Therefore by Isaacs’ Theorem, G/S is a p-group of exponent p. Hence G is
nilpotent.
Now assume that G is nilpotent group and has an ES-partition. Clearly, ∃ i ∈ N
such that S ≤ Zi(G). So we it is enough to show that S E G. If S is antinormal
subgroup of G, then by Theorem 2.2 G is a Frobenius group so Z(G) = 1 which
contradicts to nilpotency of G. So S is not antinormal and then there exists 1 6=
N E G such that N ≤ S. Let N = SG be the core of S in G. If SG < S, then
the subgroup S/SG of G/SG is antinormal subgroup of G/SG and by Theorem
2.1, {H1/SG, H2/SG, . . . , Hr/SG} is a strict S/SG-partition of G/SG. Now again
by Theorem 2.2, G/SG is Frobenius group which contradicts with nilpotency of
G/SG. Thus S = SG. 
Remark 2.4. In Lemma 2.3, the condition of equality of orders of components
of Π is necessary. In particular, there are some non-nilpotent groups like G such
that G has a strict Z(G)-partition (not necessarily equal). For example consider
the dihedral group D2n = 〈x, y | x
n = y2 = 1, xy = x−1〉, where n = 2k is even.
Then Z(D2n) = 〈x
k〉, CD2n(x) = 〈x〉 and for every 1 ≤ i ≤ n, CD2n(x
iy) =
{e, xiy, xk, xk+iy}. Now the set of centralizers of G forms an strict Z(G)-partition
for G and D2n is not nilpotent in general.
Lemma 2.5. Let G be a finite group which has an ES-partition {H1, . . . , Hn}.
Then for every 1 ≤ i ≤ n, pi(Hi) = pi(G).
Proof. Let p ∈ pi(G) and g ∈ G with |g| = p. Then there exists Hi such that
g ∈ Hi. Thus pi(G) ⊆ ∪
n
i=1pi(Hi) and so pi(Hj) = pi(Hi) for every 1 ≤ i, j ≤ n,
since |Hi| = |Hj |. Hence for every 1 ≤ i ≤ n, pi(Hi) = pi(G). 
Corollary 2.6. Let G be a finite group with square-free order. Then G has no
ES-partition and so every square free subgroup of every minimal non-ES-partition
group is cyclic.
Lemma 2.7. Assume that G is a finite group which has an ES-partition, say
Π = {H1, H2, . . . , Hn}. If G acts on the group H, then the semidirect product
G⋉H has an E(S ⋉H)-partition.
Proof. Since G acts on H , so every Hi acts on H and we can form the semidirect
product Hi ⋉H . On the other hand
G⋉H = (∪n
i=1
Hi)⋉H = ∪
n
i=1(Hi ⋉H)
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and
(Hi ⋉H) ∩ (Hj ⋉H) = (Hi ∩Hj)⋉H = S ⋉H
So the set {Hi ⋉H, . . . ,Hn ⋉H} is an E(S ⋉H)-partition for G⋉H . 
Lemma 2.8. Let G be a finite group. Then G is nilpotent if and only if every
subgroup H of G has an ES-partition, for some S ≤ H.
Proof. If G is a nilpotent group, then by Lemma 2.7 it is enough to show that
every finite p-group, P has an ES-partition. Now as P/φ(P ) is p-elementary so by
Isaacs’ Theorem and Theorem 2.1, we can obtain that P has an E(φ(P ))-partition
(see also Proposition 2.10, below).
Now suppose that for every non-cyclic subgroup H of G has an ES-partition,
for a subgroup S of H . Now, by induction on the order of G, we deduce that all
proper subgroups of G are nilpotent. That is, G is an Schmidt group. Therefore
G = P ⋉ Q, where P is a normal Sylow p-subgroup and Q is a cyclic Sylow q-
subgroup G. Let {H1, . . . , Ht} be an ES-partition of G. We claim that S ⊳ G.
Suppose by contrary that S is not normal in G. First assume that S is antinormal.
Then Theorem 2.2 implies that G is a Frobenius group and so
1 = Z(G) = φ(G) = φ(P )× < yq > .
It follows that P is an elementary abelian Sylow p-subgroup and Q is cyclic of
order q. Now let x ∈ S and y ∈ Q, where |x| = p and |y| = q, then there exists
1 ≤ i ≤ t such that y ∈ Hi. Now as x ∈ S ≤ Hi for every 1 ≤ i ≤ t. Hence
x, y ∈ Hj . By assumption, Hj is nilpotent and (|x|, |y|) = (p, q) = 1, so xy = yx, it
means that S doesn’t act on Q fixed-point-freely, which is a contradiction, since G is
Frobenius. So we may assume that SG > 1, we show that SG = S. If SG < S, then
by Zappa’s theorem, G/SG has an ES/SG-partition, and S/SG is an antinormal
subgroup of G/SG. Hence G/SG is a Frobenius group which is Schmidt as well.
Hence G/SG = S/SG ⋉ QSG/SG and |S/SG| = p for some prime p. Since G/SG
is Frobenius, so S/SG must act on QSG/SG fixed-point freely. That is, for every
x ∈ S\SG and y ∈ Q\SG, [x, y]SG = [xSG, ySG] 6= SG. But we will show that there
exists x ∈ S \ SG and y ∈ Q \ SG and |x| = p
i and |y| = qj such that [x, y] = 1.
It follows that [xSG, ySG] = SG, and this contradiction shows that S = SG, as
wanted. First note that since QSG/SG is the kernel of G/SG, so it is non-trivial
and there exists y ∈ Q \ SG. Now as |S/SG| = p, we can conclude that every
q-element of S belongs to SG and there exists a p-element x belongs to S \SG. Let
x ∈ S \ SG and |x| = p
i. Therefore x ∈ S ≤ Hi for every 1 ≤ i ≤ t. Hence there
exists j such that x, y ∈ Hj and [x, y] = 1, since Hj is nilpotent.
Therefore S⊳G. Now as G is an Schmidt group and G = P⋉Q, Isaacs’ Theorem
implies that G/S is a r-group of exponent r, where r ∈ {p, q}. Hence P ≤ S or
Q ≤ S. If P ≤ S, then, as S is nilpotent, we can follow that P is a normal subgroup
of G and so G is nilpotent, a contradiction. If Q ≤ S, then for every i, Q ≤ Hi and
so qm | |Hi|, for every i. On the other hand, P = 〈g〉 is cyclic and g ∈ Hi for some i.
Now as |Hi| = |Hj | for every j, so p
n | |Hi|. Thus |G| = |Hi|, a contradiction. 
Corollary 2.9. A group G is a minimal non-ES-partition group if and only if G
is a Schmidt group.
Note that Lemmas 2.3 and 2.8, complete the proof of the main Theorem. But
according to Lemma 2.3, we can see that if a group G has an ES-partition, then
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the properties of the subgroup S has influence on the structure of G. Therefore
we investigate the influence of some properties of the subgroup S (such as, abelian
normal, nilpotent normal and solvable subgroup) on the group G which has an
ES-partition. Here, we give a new characterization of finite non-cyclic p-groups by
whose equal strict partitions (see also Theorem 3.2 of [1]).
Proposition 2.10. Let G be a non-cyclic finite group. Then G has an E(φ(P ))-
partition if and only if G is a p-group.
Proof. Let G be a non-cyclic finite group and Π = {H1, H2, . . . , Hr} be an E(φ(G))-
partition for G. Then by Theorem 2.1, G/φ(G) has an equal partition. Therefore,
by Isaacs’ Theorem, G/φ(G) is a p-group of exponent p. Now it is well-known that
for a finite group G, the prime divisors of |G/φ(G)| is equal to the prime divisors
|G|. Hence G is a p-group.
Assume that G is a non-cyclic finite p-group. Then G/φ(G) is an elementary
abelian p-group so, by Isaacs’ Theorem, G/φ(G) has an equally partition and, by
Theorem 2.1, G has an E(φ(G))-partition. 
It seems likely that (in view of the above results) every finite group which has
an ES-partition where S is a abelian normal subgroup, should be abelian. But we
show that there exist non-nilpotent finite groups that has a ES-partition, where S
is an abelian normal subgroup of G. Consider the following example.
Example 2.11. Let A = Z3 × Z3 × Z3, B = Z2 × Z2, b1 = (1, 0), b2 = (0, 1) and
b3 = (1, 1). Now define an action of B on A by setting
(x1, x2, x3)
b1 = (−x1,−x2, x3)
(x1, x2, x3)
b2 = (−x1, x2,−x3)
(x1, x2, x3)
b3 = (x1,−x2,−x3).
It is easy to see that the three subgroups A〈b1〉, A〈b2〉, A〈b3〉 are isomorphic and
are a cover for group G = A⋊B, while G is non-nilpotent.
Proposition 2.12. Let G has an ES-partition, where S is a solvable subgroup of
G, then G is solvable.
Proof. If S is antinormal, then by [8] S is cyclic and G is Frobenius group with
complement S. So G is solvable. Otherwise if S is not antinormal, then there is a
normal subgroup 1 6= N of G such that N ≤ S. If N < S, then since G has a strict
S-partition, so by Theorem 2.1, G/N has strict S/N -partition and by induction
on the order of G, G/N is solvable, so G is solvable. Otherwise, if N = S, then
G/N has an equal partition and by Isaacs’ Theorem, G/S is a p-group and so G is
solvable. 
Finally, we prove Theorem 1.3.
The proof of Theorem1.3. Assume that F is a nontrivial subgroup of group G
such that every proper non-cyclic subgroup of G has an EF -partition and G is not
minimal non-cyclic group. We consider two cases:
Case 1. If G has no ET -partition for every subgroup T of G. Then according to
Theorem 1.2, G is minimal non-nilpotent group. Suppose that G = Q ⋉ P . First
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note that S is cyclic, since otherwise S has an ES-partition, which is impossible.
We consider two cases:
If P is abelian, then clearly G is minimal non-abelian, since G is minimal non-
nilpotent group, every Sylow subgroup of each proper subgroup of G is abelian.
If P is a proper subgroup of G, then it follows that P is an elementary abelian
subgroup and so the subgroup Zp×Zp has no ES-partition with S 6= 1, a contrary.
If G = P , that is, G is a minimal non-abelian finite p-group. It follows that G is
minimal non-cyclic p-group and so G is a generalized quaternion group. Now as
every subgroup of G is cyclic or generalized quaternion group, we can obtain that
G is a quaternion group of order 8, a contrary.
If P is not abelian. If P has an abelian subgroup which is not cyclic, then it
is easy to see that P has a subgroup isomorphic to Zp × Zp, which is a contradic-
tion, since Zp × Zp has no ES-partition with S 6= 1. So we may assume that all
abelian subgroups of P are cyclic, then it is well-known that P is generalized quater-
nion group. It is not hard to see that P has a subgroup isomorphic to K = Q8,
the quaternion group of order 8. Now as S 6= 1, K has only one ES-partition
where S is Z(K), which coincides with Z(P ) (S = Z(K) = Z(P )). We know that
P/S ∼= D2n−1 , where D2n−1 is the dihedral group of order 2
n−1. On the other hand,
according to Isaacs’ Theorem, P/S is a p-group of exponent p, so n ∈ {1, 2, 3}. It
follows that G = Q ⋉ Q8 = Zn ⋉ Q8. Now as Aut(Q8) ∼= S4, we can obtain that
n = 2 or 3. Since G is not nilpotent, n 6= 2 and so G = Z3 ⋉Q8.
Case 2. If G has an arbitrary ET -partition for some subgroup T of G, then
by Theorem 1.2, G is nilpotent. Let G = P1 × · · · × Pt, where Pi is the sylow
pi-subgroup of G. As G is not minimal non-cyclic group, so there exists a non-
cyclic sylow pi-subgroup Pi of G, so Pi has an ES-partition and S ≤ P1. If there
exists Pj , with j 6= i and Pj is non-cyclic, then S ≤ Pi ∩ Pj = 1, so S = 1,
a contradiction. Therefore P1 is the only non-cyclic Sylow subgroup of G. By an
argument similar to the one in the Case (1), we can obtain that P1 = Q8. Therefore
G = Q×Q8 = Zn×Q8. We claim that n is a prime number. Suppose, by contrary,
that n 6= q, x ∈ Q and |x| = q. Put K = 〈x〉 × P = 〈x〉 × Q8 and assume
that {H1, H2, . . . , Ht} is an ET -partition for K. It is easy to see that K has no
EZ(Q8)-partition while Q8 has only an E(Z(Q8))-partition, a contradiction. Thus
G = Zp ×Q8.
As for the converse, it is enough to note that the only non-cyclic subgroup of
Z3 ⋉Q8 is Q8, which has only an E(Z(Q8))-partition. The proof is now complete.
Corollary 2.13. If G is a finite group with odd order and F is a nontrivial subgroup
of G. Then every proper non-cyclic subgroup of G has an EF -partition if and only
if G is minimal non-cyclic group.
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